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Fermi condensation is usually a phenomena of strongly correlated system. In this letter, we point
out a novel mechanism for condensation of Dirac fermions due to Weyl anomaly. The condensation
has its physical origin in the nontrivial response of the fermion vacuum to changes in the background
spacetime (either boundary location or the background metric), and can be felt when a background
scalar field is turned on. The scalar field can be, for example, the Higgs field in a fundamental theory
or the phonon in condensed matter system. For a spacetime with boundaries, the induced Fermi
condensate is inversely proportional to the proper distance from the boundary. For a conformally
flat spacetime without boundaries, Fermi condensation depends on the conformal factor and its
derivatives. We also generalize the Banks-Casher relation which relates the Fermi condensate to the
zero mode density of the Dirac operator to a local form. Due to its universal nature, this anomaly
induced Fermi condensate can be expected to have a wide range of applications in physics.
1. Introduction — Fermi condensation 〈ψ¯ψ〉 6= 0 is an
interesting quantum phenomena and has a wide range of
applications. The Cooper pair in BCS theory of super-
conductivity is a famous example of Fermi condensation.
It is the bound state of a pair of electrons in a metal
with opposite spins. The chiral condensate of massless
fermions is another example of Fermi condensation. In
QCD the chiral condensate is an order parameter of tran-
sitions between different phases of quark matter in mass-
less limit. The condensation of Fermionic atoms has been
observed in experiment [1]. The condensation of fermion
is usually attributed to the effects of strongly coupled dy-
namics and hence it can be used as an order parameter
characterizing the phases of the theory. A motivation of
this work is to investigate if there is any novel and uni-
versal mechanism other than strongly coupled dynamics
that can give rises to Fermi condensation.
Recently a novel phenomena of induced current was
predicted in the quantum field theory of Dirac fermions
coupled to external electromagnetic field
S =
∫
M
√−g(ψ¯iγµ∇µψ + ψ¯γµAµψ). (1)
It was found that an applied magnetic field will give rise
to a non-uniform magnetization density of the vacuum
and induces a magnetization current
〈Jµ〉 = −2βF
µνnν
x
+ · · · , x ∼ 0 (2)
in the vicinity of the boundary of the vacuum system
[2, 3]. Here β is the beta function, x is the proper dis-
tance to the boundary, nµ is the inner normal vector and
... denote higher order terms in O(x). Note that the uni-
versal results (2) works for general quantum field theory
and not just conformal field theory. In a conformally flat
spacetime ds2 = e2σηµνdx
µdxν without boundaries, the
anomalous current is given by [4, 5]
〈Jµ〉 = −2βFµν∂νσ +O(σ2), (3)
to the leading order of small σ. Generalization of the
result (2) to higher dimensions and the result (3) for ar-
bitrary finite σ can be found in [6, 7] and [8] respectively.
We remark that these anomalous currents do not rely on
the presence of a material system, but is a pure vacuum
phenomena. This is completely different from the other
well known transport phenomena [9–16] that is due to
chiral anomaly and a finite chemical potential is needed.
In fact, the anomalous current (2) can be regarded as a
kind of magnetic Casimir effect since it arises from the
nontrivial electromagnetic response of the vacuum to the
change of boundary (location). This is very similar to
the Casimir effect which originated from the mechanical
response of the vacuum to the change of the boundary
(location). As for (3), it arises from the fact that the
vacuum of the theory is different for different σ and a
non-vanishing vev for the current operator is resulted due
to nontrivial Bogoliubov transformation. This is similar
to the process of particle creation during cosmological
expansion or the Hawking radiation [17].
Motivated by these results for the anomalous current,
it is natural to consider other couplings of the fermion to
external field, and one can expect similar induced phe-
nomena to occur. In this paper, we show that, in addi-
tion to currents, Weyl anomaly can give rises to Fermi
condensation if a background scalar field is turned on.
The resulting Fermi condensate is a nontrivial function of
space. In the standard situation of a Dirac operator cou-
pled to external vector field in a flat spacetime, the Fermi
condensate is translational invariant and it is well known
to be related to the density of zero modes of the Dirac
operator by the Bank-Casher relation [18]. For more gen-
eral Dirac operator, we show that the Fermi condensate
obeys an elegant generalized form of the Bank-Casher
relation, see (24) and (25) below.
2. Weyl Anomaly & Fermi Condensate — Let us
start with the action of Dirac fermion ψ coupled to a
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2scalar field φ in a curved spacetime with metric gµν :
S =
∫
M
√−g(iψ¯γµ∇µψ + φψ¯ψ). (4)
In this letter, we use the signature (1,−1,−1,−1) for the
metric and the scalar field will be taken as a background
and so whether there is a Lagrangian for the scalar field is
irrelevant to us. In this theory, the renormalized expecta-
tion value of the Fermi condensate 〈ψ¯ψ〉 can be derived
by the variation of effective action with respect to the
background scalar field
〈ψ¯ψ〉 = 1√−g
δIeff
δφ
. (5)
The action (4) is classically Weyl invariant under the
local scaling transformation: ψ → e−σψ, gµν → e2σgµν
and φ → e−σφ. However, quantum mechanically there
is an anomaly. Imposing the bag boundary conditions
[19, 20] (1±γ5γn)Ψ|∂M = 0 and applying the heat kernel
expansion [21], we obtain the Weyl anomaly A(gµν , φ) at
one loop as
A = 1
8pi2
(∫
M
√−g[− (∇φ)2 + Rφ2
6
+ φ4
]
+
∫
∂M
√−hkφ
2
3
)
. (6)
Here R is Ricci scalar in the bulk M , hij is the in-
duced metric on the boundary ∂M , kij is the extrin-
sic curvature and k is its trace. Note that we have ig-
nored the gravitational contribution to Weyl anomaly,
i.e,
∫
M
O(R2) +
∫
∂M
O(Rk), since they are independent
of φ and hence are irrelevant for the Fermi condensa-
tion. In the following, we show that the knowledge of
the Weyl anomaly (6) allows one to determine the Fermi
condensate in closed analytic form without performing
any perturbative QFT calculation. This is one of the
main results of this letter.
3. Fermi Condensation I: Boundary Theory — Let
us first study the Fermi condensation in 4-dimensional
spacetime with a boundary, say, at x = 0 of a certain
coordinate system. We follow the methods of [2, 22],
where we have studied the expectation value of current
and stress tensor in boundary quantum field theories [23].
As the mass dimension of ψ is 3/2, the Fermi condensate
takes the asymptotic form [24]
〈ψ¯ψ〉 = O0
x3
+
O1
x2
+
O2
x
+O(lnx) (7)
near the boundary. Here x is the proper distance from
the boundary. On have mass dimension n and depend on
only the background geometry and the background scalar
field. For example, we have O0 = c0, O1 = c1φ + c2k,
where ci are numbers. Since Weyl anomaly is related to
the UV Logarithmic divergent term of effective action,
one can follow the same analysis performed in [2, 22] and
obtain the following “integrability” relation [25]
(δA)∂M =
(∫
M
√−g〈ψ¯ψ〉δφ
)
log 
(8)
between the renormalized Fermi condensate and the
boundary part of the variation of the Weyl anomaly. Here
a regulator x ≥  to the boundary has been introduced
for the integral on RHS of (8). For our purpose, we turn
only on the variation of the scalar field. Using (8), one
can derive Fermi condensate near the boundary from the
boundary terms of variations of the Weyl anomaly. To
proceed, let us employ the Gauss normal coordinates to
write the metric ds2 = dx2 + (hij − 2xkij + · · · )dyidyj
and expand φ(x) = φ0 + xφ1 + x
2φ2 + O(x
3), where
x ∈ [0,+∞) and φi give the ith derivatives of φ at x = 0.
From (6), we get for the LHS of (8)
(δA)∂M = −1
4pi2
∫
∂M
√−h(∇nφ− 1
3
kφ)δφ0, (9)
where n denotes the internal normal of the manifold M .
Next, we substitute (7) into the RHS of (8), integrate over
x and select the logarithmic divergent term, we obtain∫
∂M
√−h[−O0δφ2 + (kO0 −O1)δφ1 − (O2 + · · · )δφ0], (10)
where · · · denotes terms which depend on O0 and O1
which vanish when O0 = O1 = 0. Comparing (9) and
(10), we obtain O0 = O1 = 0 and the Fermi condensation
near the boundary:
〈ψ¯ψ〉 = 1
4pi2
∇nφ− 13kφ
x
+O(lnx), x ∼ 0. (11)
Several comments are in order. 1. Similar to the case
of current and stress tensor [2, 22], the Fermi conden-
sate is finite at the boundary since there are boundary
contributions to the Fermi condensation which cancel the
divergence from the bulk contribution (11). 2. The re-
sult (11) is for the bag boundary conditions at one loop.
For general boundary conditions, there are corrections
to Weyl anomaly (6) and O0 and O1 of (7) are non-zero
[27]. 3. The result (11) for the bag boundary condi-
tion, as well as the general form (7) for general boundary
conditions can be reproduced in holographic theory [27].
4. Similar to [2, 22], the above discussions on Weyl-
anomaly-induced Fermi condensation apply not only to
conformal field theory (CFT) but also the general quan-
tum field theory (QFT). That is because Weyl anomaly
is well-defined for general quantum field theories [28, 29].
5. If φ is the Higgs field and get a vev φ = −m, then
the fermion get a mass m and the chiral symmetry is
spontaneous broken. Our analysis implies that a Fermi
condensate is induced near a curved boundary
〈ψ¯ψ〉 = 1
12pi2
mk
x
, x ∼ 0 (12)
3due to the Higgs phenomena. 6. Note that the above
discussions apply to more general theories instead of just
the free theory (4). In fact, there are universal relations
between the Fermi condensate and Weyl anomaly [27].
Similar to the origin for the induced current discussed
in [2, 3], the existence of the Fermi condensation (11)
can be understood in terms of the changed properties
of the vacuum due to the presence of boundary. For
simplicity let us consider the case of a half space flat
geometry x ≥ 0. From the form of the action (4), the
fermions see a potential of −φ and experience a force
Fx = ∂xφ (13)
in the x-direction. This may also be derived from the
Ehrenfest theorem 〈dOdt 〉 = 1i~ 〈[O, H]〉 for the time evo-
lution of the observable O. For the Hamiltonian H =
− ∫ d3xψ¯(iγi∂i +φ)ψ, we obtain the the “Newton’s law”
〈dpxdt 〉 = ∂xφ〈ψ¯ψ〉 for the x-direction, and 〈dpa/dt〉 = 0
for a = y, z. This gives the force (13) on single particle
states. For simplicity, let us consider the case of a con-
stant force ∂xφ > 0. Consider the pair creation process at
any point P in space. Due to the presence of an upward
force (for the discussion here, we will call the positive x
direction as upward), the particles which are created to
move upward will, for the same period of time ∆t, travel
a longer distance compared to the particles which are cre-
ated to move downward. Note that the force does not dif-
ferentiate particles and anti-particles and so the number
density ρP for the fermions and anti-fermions contributed
by source point P will be affected by the force the same
way. As a result, ρP will not be symmetric with respect
to P , but is skewed towards the negative x direction. See
figure 1. Now take any observation point O in space. The
amount of condensate at O is obtaining by summing over
the contribution from all source points P . When there
is no boundary, obviously a constant condensate 〈ψ¯ψ〉 is
created. Things are different when there is a boundary
at x = 0. For a source point P situated near the bound-
ary, the particles that are created to move downward will
have less chance to be annihilated since the space x < 0
are all absent now and hence there are less particles that
can travel up to annihilate them. As a result, the distri-
bution of particles will be skewed even more towards the
boundary. Also the skewing is greater as one gets closer
to the boundary. Summing up the contributions from all
source points, one see immediately that the condensate
is bigger towards the boundary. Also it is positive and is
proportional to the force ∂xφ. Obviously the same discus-
sion holds for the case of ∂xφ < 0. Qualitatively, we find
exact agreement with the result (11). It is worth noting
that since the scalar force is the same for the fermions
and the anti-fermions, the virtual pairs are pushed to-
wards the boundary in the same manner and there is no
separation of charges. Charge neutrality of the vacuum
is maintained.
.
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FIG. 1. Fermi condensate near the boundary. The contribu-
tion from P ′ is absent when half space x > 0 is considered.
It is interesting to remark that the condensate (11) of
fermions near the boundary can also be understood as
a kind of Bose-Einstein condensation with localization
in coordinate space. Heuristically, due to the force (13),
the virtual particles experience an acceleration a = Fx/m
and hence an Unruh temperature [30]
T = |a|/(2pik). (14)
For the discussion here, we will allow for both signs of
∂xφ. Since the condensate is a bosonic state and obeys
the Bose-Einstein statistics, the mean occupation num-
ber of the condensate is given by N = 1/(eE/kT − 1).
Now the particles created at a location x has a potential
energy of E ∼ Fxx. Near the boundary we have E  kT
and N ∼ kT/E ∼ sgn(∂xφ)/mx. The condensate 〈ψ¯ψ〉
has mass dimension 3 and should depend on m and ∂xφ.
The natural relation 〈ψ¯ψ〉 ∼ m|∂xφ| ×N then gives pre-
cisely the result (11).
4. Fermi Condensation II: Conformally Flat
Spacetime — Fermi condensation can also occur in con-
formally flat spacetime without boundaries. To demon-
strate this, let us start by deriving the anomalous trans-
formation rule for the Fermi condensate. Consider
the theory (4) with metric and scalar field given by
(gµν , φ). Due to the anomaly, the renormalized effec-
tive action Ieff is not invariant under the Weyl transfor-
mation. Generally, we have [31] δδσ Ieff(e
−2σgµν , eσφ) =
A(e−2σgµν , eσφ) for arbitrary finite σ(x). This can
be integrated to give the effective action [32–34]. Us-
ing the fact that the anomaly (6) is Weyl invariant
up to a surface term: A(e−2σgµν , eσφ) = A(gµν , φ) +∫
M
∂µ(
√−gφ2gµν∂νσ), we obtain immediately the trans-
4formation rule for the effective action:
Ieff(e
−2σgµν , eσφ) = Ieff(gµν , φ) (15)
+
1
8pi2
∫
M
√−g
[(
−(∇φ)2 + Rφ
2
6
+ φ4
)
σ +
φ2
2
(∇σ)2
]
,
plus a boundary term 124pi2
∫
∂M
√−hkφ2σ, which we drop
in spacetime without boundaries. One can check that the
dilaton effective action satisfies Wess-Zumino consistency
[δσ1 , δσ2 ]Ieff = 0. Using (15), we obtain finally the trans-
formation rule for the Fermi condensate (5) under Weyl
transformation gµν → g′µν = e−2σgµν , φ→ φ′ = eσφ,
〈ψ¯ψ〉 = − 1
4pi2
[
∇(σ∇φ) + (2φ3 + 1
6
φR)σ +
1
2
φ(∇σ)2
]
,
(16)
plus a trivial term e−3σ〈ψ¯ψ〉′. Here 〈ψ¯ψ〉 (resp. 〈ψ¯ψ〉′)
denotes the vev of the Fermi condensate of the theory
(4) in the background spacetime gµν (resp. g
′
µν). Taking
g′µν to be the flat spacetime metric and the fact that the
Fermi condensation vanishes in flat spacetime, we finally
obtain (16) as the Fermi condensate in conformally flat
spacetime
ds2 = e2σηµνdx
µdxν . (17)
Several comments are in order. 1. The conformal fac-
tor σ of (16) is arbitrary and needs not to be small.
As a result, we can use (16) to calculate Fermi con-
densation in general conformally flat spacetimes such
as Anti-de-Sitter space, de-Sitter space and Robertson-
Walker universe. 2. For Robertson-Walker universe
ds2 = dt2 − a(t)2(dx2 + dy2 + dz2), we have at time
t = t∗
〈ψ¯ψ〉 = − 1
4pi2
(Hφ˙+
1
2
H2φ) (18)
where dot denotes time derivative and H = a˙/a is
the Hubble parameter. For simplicity we have chosen
a(t∗) = 1. 3. Unlike the case with boundaries, (16) works
well only for CFT. At high energy scale such as early uni-
verse, the particle mass can be ignored and fermions can
be regarded as CFT approximately. Then all of the above
discussions apply. 4. The result (16) can also be derived
for strongly coupled conformal field theory that is dual
to gravity [27]. 5. The physical reason for the conden-
sate (16) is simple. It arises because the vacuum of the
theory in the spacetime (17) at a conformal factor σ is no
longer a vacuum as the metric changes to have a different
conformal factor σ′. As a result, a fermion condensate is
created in a way similar to the creation of particles due
to cosmological expansion (see for example, [17]).
5. Generalized Banks-Casher Relation — The
Banks-Casher relation links the spontaneous breaking of
chiral symmetry in QCD to the presence of a non-zero
density of zero modes of the Dirac operator of the quark
field. In ordinary consideration where the QFT is trans-
lational invariant, the condensate is a constant and one
has the following relation [18]
〈ψ¯ψ〉 = piρ(0), (19)
where ρ(λ) is the spectral density of the Dirac operator,
see (22) below. Here let us generalize the Banks–Casher
relation to the case where the condensate is not a con-
stant. Consider a theory of Dirac fermions in curved
space coupled to an external field X:
S =
∫
M
√−giψ¯Dψ, where iD := iγµ∇µ +X. (20)
For example, X = γµAµ gives the minimal coupling to
gauge potential Aµ, X = φ gives the Yukawa coupling
to a scalar field, and X = iγµνFµν gives the Pauli cou-
pling to gauge field strength. Let ψn be the eigenstate of
the Dirac operator iD with eigenvalue λn, and satisfies
the orthogonormal relation
∫
M
√−gψ†nψm = δnm. It fol-
lows from the path integral definition of chiral condensate
〈ψ¯ψ〉 = Z−1 ∫ DψDψ¯e−Sψ¯ψ that
〈ψ¯ψ〉 = −
∑
n
ψ†n(x)
1
λn
ψn(x). (21)
It is convenient to introduce the spectral density
ρ(λ) :=
1
V
∑
n
δ(λ− λn), (22)
where V is the spacetime volume. The relation (21) takes
the form
i
V
〈ψ¯ψ〉 = −
∫ ∞
−∞
dλρ(λ)
1
λ+ i
ψ†λ(x)ψλ(x), (23)
where a Wick rotation ψ¯ → iψ¯ on the spinor has been
performed to obtain the relation (23) in Minkowski space.
We have introduced an i prescription ( > 0) to regulate
the divergence due to the existence of zero modes of the
operator iD. Using the relation 1λ+i = P
1
λ − ipiδ(λ),
where P denote the Cauchy Principal value, we obtain
the following generalized Banks-Cashier relation in the
un-integrated form:
1
V
〈ψ¯ψ(x)〉 = piρ(0)|ψ0(x)|2 + iP
∫ ∞
−∞
dλρ(λ)
1
λ
|ψλ(x)|2.
(24)
This can also be integrated to give
1
V
∫
M
√−g〈ψ¯ψ〉 = piρ(0) + iP
∫ ∞
−∞
dλ
ρ(λ)
λ
. (25)
For flat space, the condensate is a constant due to transla-
tional invariance. For operator which anticommute with
γ5: {iD, γ5} = 0 (e.g. minimal coupling to external
gauge field), the eigenvalues of iD always come in pairs
5±λ and it is ψ−λ = γ5ψλ for λ 6= 0. In this case, the
continuum contribution in the RHS of (25) vanishes and
we obtain the standard Banks-Cashier (19). For the gen-
eral case of a curved spacetime with a non-minimal cou-
pling, the condensate can become imaginary in general,
and the condensate is related to the spectral density as
in (24) and (25). For the case of Yukawa coupling in
conformally flat spacetime, the condensate is real and we
obtain the constraint
P
∫ ∞
−∞
dλρ(λ)
1
λ
|ψλ(x)|2 = 0, (26)
even through the spectrum is not symmetric.
6. Conclusions — In this letter we have shown that
the nontrivial vacuum structure of the theory of Dirac
fermions in the presence of an external scalar field can
lead to the occurrence of Fermi condensation. This is a
direct consequence of the violation of scaling symmetry
in the presence of a background scalar field that couples
to the fermion. In general, it is also interesting to
consider the effect of external pseudoscalar field on
the Fermi condensation [27]. Due to the simple and
universal nature of the Yukawa coupling, one can expect
the Fermi condensation (11), (16) to find a wide range
of physical applications. For example the possible
occurrence of a condensate during the inflationary phase
of the universe may have non-trivial consequences on
various dynamical aspects of the early Universe such as
the reheating, the evolution of physical structure, the
pattern of symmetry realization etc. Experimentally,
it may be possible to make observation of the Fermi
condensate in optomechanical system with boundary
or in a thermal system where temperature can be
stimulated by a conformally flat background [35].
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